The role of Aharonov-Bohm effect in quantum tunneling is examined when potential is defined on S 1 and has N -fold symmetry. For N = 2 case the quenched tunneling splitting occurs at cos Φ/2 = 0 where Φ is magnetic flux.
1 has two-fold symmetry. Furthermore, the effect of AB phase when potential has N-fold symmetry is also examined for N = 3 and N = 4 cases.
Finally the result of N = 4 case is applied to the cubic spin system.
To discuss the effect of AB phase in semiclassical quantum tunneling it is heuristic to start with action
where potential V 0 (φ) is 2π-periodic function with global minima at φ = 0, ±2π, ±4π, · · ·.
Then the contribution of n 1 instanton and n 2 antiinstanton to Euclidean amplitude is generally in the form [4] ;
(n 1 ,n 2 ) = e (n 1 +n 2 )S cl
where S cl is Euclidean classical instanton action and ω is V ′′ 0 at potential minima. In
Eq. (2) D is some real number which arises from collective coordinate treatment of time translational symmetry. However, the explicit form of D is not necessary for further consideration. The superscript "P P " in Eq. (2) stands for periodic potential. In the semiclassical formalism < 2π,
> P P is calculated using dilute gas approximation which is
If one uses an identity
with N = 1, it is straightforward to show
which supplies an information [5]
and
where φ θ is localized wavefunction in the minima of potential and E θ is spectrum of the lowest energy band. Eq. (6) and Eq. (7) represent merely the well-known Bloch theorem in solid state physics and θ-vacuum structure.
If one considers a particle in S 1 with same potential, the phase factor in Eq. (6) is not needed due to periodic boundary condition. Hence, in this case the Euclidean amplitude can be obtained by inserting δ(θ) in the integrand of Eq. (5), which simply yields sector is contributed to the tunneling amplitude
So, energy-shift due to self-tunneling is quenched when Φ = (n +
In order to generalize this situation let us consider system whose action is
where potential V (φ) is 2π/N-periodic function with global minima at φ = 0, ±2π/N, · · ·.
In this case the contribution of n 1 instanton and n 2 antiinstanton to Euclidean amplitude
Following the same argument with previous simple example, one can obtain < 2π,
> P P within dilute gas approximation. The only difference from previous case is to replace δ n 1 −n 2 ,1 in Eq. (3) by δ n 1 −n 2 ,N . Using the identity (4), it is easy to show
If one considers a same system in S 1 with an external magnetic field, the amplitude < 2π,
AB is obtained by inserting δ(θ − Φ/N) to the integrand of Eq. (12);
It is worthwhile noting that < 2π,
AB in Eq. (13) can be obtained also by summing the instanton and antiinstanton contributions as follows;
This looks as if instanton and antiinstanton carry phase factors In order to compute the energy splitting due to tunneling we need
The observation mentioned above makes it possible to compute this quantity without overall phase factor which is irrelevant for the computation of energy splitting. Since instanton and antiinstanton carry their own phase, the multi-instanton contribution to
where
represents all possible sequence of instantons and antiinstantons. Now, let us consider N = 2 case. In this case P
where m and n are non-negative integers. Using simple identities
it is easy to show for N = 2 case
and hence energy-splitting ∆E becomes
So, quenching occurs at
The effect of the AB phase in N = 2 system is realized at biaxial spin system when an external magnetic field is applied along the hard axis. The Hamiltonian operator of the model can be written asĤ
where k 1 > k 2 and h is external magnetic field. In the semiclassical method spin is treated as a classical vector s = s(sin θ cos φ, sin θ sin φ, cos θ).
Then it is possible to obtain an effective action S ef f by applying the coherent state path integral technique [6] :
Here α ≡ gµ B h/k 1 s and λ ≡ k 2 /k 1 < 1. Since V (φ) has global minima at φ = 0, and π in the region α < 2 √ 1 − λ, our quenching condition cos Φ/2 = 0 can be applied to this system.
Magnetic flux Φ is straightforwardly calculated by integrating vector potential along S
So, our quenching condition yields
which coincides with the quenching condition in Ref. [1] . Now, let us consider N = 3 case. In this case P
Using identities
x e 3 2
x + 2 cos
it is straightforward to compute <
The ground state energies splitted from three-fold degenerate vacuum are calculated by taking a Laplace transform
Since energy eigenvalues are given by poles ofĜ[E], it is straightforward to compute those fromĜ[E], which are
Hence, ∆E
0 − E
0 , and
0 becomes zero at Φ = 3nπ, (3n + 1)π, and (3n + 2)π, respectively. Since, however, it is impossible for ∆E (1) , ∆E (2) , and ∆E (3) to be zero simultaneously, there is no quenching in N = 3 case.
Finally, we consider N = 4 case with
Summing Eq.(15) directly, one can obtain for N = 4 case
Taking Laplace transform and checking poles of the energy dependent Green's function, one can show the energy eigenvalues generated from four-fold degenerate vacuum are
− become zero at Φ = (4n + 2)π and 4nπ, respectively.
As an application of N = 4 case let us consider a cubic system with an magnetic field along z-axis whose Hamiltonian iŝ
where k 1 > 0. If we assume for simplicity that spin is constrained to θ ≈ 
If there is no external magnetic field, the flux becomes Φ = 2πs. Hence, when s is even or odd integer, {∆E (1) = 0, ∆E (2) = 0} or {∆E (1) = 0, ∆E (2) = 0}, respectively. If s is half integer, there are double degeneracies between E
(1)
± and E
± , which might be extended version of Kramers degeneracy. The detailed application of N = 4 case to the cubic spin system will be discussed elsewhere.
